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1 Introduction
Throughout this paper we assume that E is an arbitrary real Banach space and E∗ denotes
the dual space of E. The normalized duality map J : E → E∗ is deﬁned by
Jx :=
{
u∗ ∈ E∗ : 〈x,u∗〉 = ‖x‖;∥∥u∗∥∥ = ‖x‖},
where 〈·, ·〉 denotes the generalized duality pairing between elements of E and E∗. If E∗ is
strictly convex, then J is single-valued.
We ﬁrst recall some deﬁnitions and conclusions.
Deﬁnition . Let T :D(T)⊂ E → E be a mapping.
() T is said to be asymptotically nonexpansive (see []) if there exists a sequence
{kn} ⊂ [,∞), limn→∞ kn =  such that
∥∥Tnx – Tny
∥∥ ≤ kn‖x – y‖, ∀x, y ∈D(T),n≥ ;
() T is said to be asymptotically pseudocontractive (see []) with sequence
{kn} ⊂ [,∞), if and only if limn→∞ kn = , for all n≥ , x, y ∈D(T) and there exists
j(x – y) ∈ J(x – y) such that
〈
Tnx – Tny, j(x – y)
〉 ≤ kn‖x – y‖;
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() T is said to be strictly asymptotically pseudocontractive with sequence
{kn} ⊂ [,∞), if and only if limn→∞ kn = k ∈ (, ), for all n≥ , x, y ∈D(T) and there
exists j(x – y) ∈ J(x – y) such that
〈
Tnx – Tny, j(x – y)
〉 ≤ kn‖x – y‖;
() T is said to be uniformly L-Lipschitzian (see []) if there exists a constant L >  such
that
∥∥Tnx – Tny
∥∥ ≤ L‖x – y‖ for all x, y ∈D(T),n≥ .
It is easy to see that every asymptotically nonexpansive mapping is uniformly L-Lip-
schitzian and asymptotically pseudocontractive. In [], Rhoades constructed an example
to show that the class of asymptotically pseudocontractive mappings properly contains
the class of asymptotically nonexpansive mappings.
The class of asymptotically pseudocontractivemappings has been studied by several au-
thors (see [, –] and the references cited therein) by using the modiﬁed Mann iteration
process (see []) and the modiﬁed Ishikawa iteration process (see []). Schu [] proved the
following theorem.
Theorem SC Let H be a Hilbert space, K ⊂ H nonempty bounded closed convex, L > ,
T : K → K completely continuous, uniformly L-Lipschitzian and asymptotically pseudo-
contractive with sequence {kn} ⊂ [,∞), qn = kn – , ∀n ≥ , ∑∞n=(qn – ) < ∞. {αn} ⊂
[, ],  < αn ≤ b, ∀n ≥ , and some b ∈ (,L–[( + L)/ – ]), x ∈ K , for all n ≥ , de-
ﬁne
xn+ = ( – αn)xn + αnTnxn. (.)
Then {xn} converges to some ﬁxed point of T .
The recursion formula (.) is a modiﬁcation of the well-knownMann iteration process
(see, e.g., []).
Recently, Chang [] extended Theorem SC to real uniformly smooth Banach spaces and
proved the following theorem.
Theorem CH Let E be a real uniformly smooth Banach space, K a nonempty bounded
closed convex subset of E, T : K → K be an asymptotically pseudocontractive mapping
with sequence {kn} ⊂ [,∞), limn→∞ kn = , and F(T) = {x ∈ K : Tx = x} = ∅. Let {αn} ⊂
[, ] satisfy the following conditions: (i) limn→∞ αn = , (ii)
∑∞
n= αn =∞. For an arbitrary
x ∈ K , let {xn} be iteratively deﬁned by (.). If there exists a strictly increasing function
φ : [,∞)→ [,∞), φ() =  such that 〈Tnxn –x∗, j(xn –x∗)〉 ≤ kn‖xn –x∗‖ –φ(‖xn –x∗‖),
∀n≥ , then xn → x∗ ∈ F(T).
Let K be nonempty closed convex subset of E and {Ti}ri= be a ﬁnite family of nonexpan-
sivemappings fromK into itself (i.e., ‖Tix–Tiy‖ ≤ ‖x–y‖ for x, y ∈ K and i = , , . . . , r). In
, Xu and Ori [] introduced the following implicit iteration process. For an arbitrary
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x = ( – α)x + αTx,
x = ( – α)x + αTx,
...
xr = ( – αr)xr– + αrTrxr ,
xr+ = ( – αr+)xr + αr+Txr+,
...
The scheme can be expressed in compact form by
xn = ( – αn)xn– + αnTn(mod r)xn, n≥ . (.)
Using this iteration, they proved that the sequence {xn} converges weakly to a common
ﬁxed point of the ﬁnite family of nonexpansive mappings {Ti}ri= in Hilbert spaces under
certain conditions. Since then, the construction of ﬁxed points for nonexpansivemappings
and strictly pseudocontractive mappings and some other mappings via the implicit iter-
ative algorithm has been extensively investigated by many authors (see, e.g., [–] and
the references cited therein). An implicit process is generally desirable when no explicit
scheme is available. Such a process is generally used as a ‘tool’ to establish the convergence
of an explicit scheme.
In , Chang et al. [] introduced another implicit iteration process with error. In the
sense of [], the implicit iteration process with errors for a ﬁnite family of asymptotically
nonexpansive mappings {Ti}ri= is generated from an arbitrary x ∈ K by
xn = αnxn– + ( – αn)Tk(n)i(n) xn + un, ∀n≥ , (.)
where n = (k(n) – )r + i(n) with i(n) ∈ {, , . . . , r} and k(n) ∈ N (the positive integer set)
and k(n) → ∞, as n → ∞. {αn}∞n= is a suitable sequence in [, ] and {un} ⊂ K is such
that
∑∞
n= ‖un‖ < ∞. They extended the results of [] from Hilbert spaces to more gen-
eral uniformly convex Banach spaces and from nonexpansive mappings to asymptotically
nonexpansive mappings.
It is clear that even if K is a nonempty convex subset of E and {un} ⊂ K is such that∑∞
n= ‖un‖ < ∞, then the implicit iterative sequence with errors in the sense of [] need
not be well deﬁned, i.e., {xn}∞n= may fail to be in K . More precisely, the conditions im-
posed on the error terms are not compatible with the randomness of the occurrence of
errors.
In [], Thakur proposed another modiﬁed composite implicit iteration process for a
ﬁnite family of asymptotically nonexpansive mappings as follows:
{
xn = ( – αn)xn– + αnTk(n)i(n) yn,
yn = ( – βn)xn– + βnTk(n)i(n) xn,
{αn}, {βn} ⊂ [, ],∀n≥ ,
where n = (k – )N + i, i = i(n) ∈ {, , . . . ,N}, k = k(n) ≥  is some positive integer and
k(n)→ ∞ as n→ ∞.
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Inspired and motivated by these facts, we introduce a new modiﬁed composite implicit




x ∈ K ,
xn+ = ( – αn)xn + αnTnyn,
yn = ( – βn)xn + βnTnxn+,
{αn}, {βn} ⊂ [, ],∀n≥ . (.)
Unlike iteration methods with errors of [], our iteration process (.) is always well de-
ﬁned, that is, {xn} is always in K if K is convex subset of E.
If {βn} = {} for all n≥ , (.) becomes the explicit form as follows:
xn+ = ( – αn)xn + αnTnxn. (.)
Equation (.) is the modiﬁed Mann iterative process (see, e.g., []).
Stability results established in metric space, normed linear space, and Banach space set-
tings are available in the literature. There are several authors whose contributions are of
colossal value in the study of stability of the ﬁxed point iterative procedures: Imoru and
Olatinwo [], Olatinwo and Postolache [], Akewe and Okeke [].
Harder and Hicks [] mentioned that the study of the stability of iterative schemes
is useful for both theoretical and numerical investigations. Consequently, several authors
have studied the stability of iterative schemes for various types of nonlinearmappings (see,
e.g., [–] and the references cited therein).
The purpose of this paper is to study the stability and convergence of the composite
implicit iterative sequence for an asymptotically pseudocontractive mapping in arbitrary
real Banach spaces.
Let K be a nonempty convex subset of E and T : K → K be a mapping, x ∈ K and
{xn} ⊂ K deﬁned by
xn+ = f (T ,xn), (.)
where f is a continuous mapping. Suppose that F(T) = ∅ and xn → p ∈ F(T). Let {sn} be
any bounded sequence in K and {εn} a sequence in [,∞) deﬁned by
εn =
∥∥sn+ – f (T , sn)
∥∥, n≥ . (.)
If εn →  implies that sn → p, then the iterative sequence {xn} deﬁned by (.) is said to
be T-stable. If
∑∞
n= εn <∞ implies that sn → p, then the sequence {xn} deﬁned by (.) is
said to be almost T-stable. An example in [] represents an iterative sequence which is
almost T-stable but not T-stable.
2 Preliminaries
In the sequel, F(T) = {x ∈ K : Tx = x} denotes the set of ﬁxed points of T . We give the
stability deﬁnition for the sequence {xn} deﬁned by (.).
Deﬁnition . Let {xn} be the sequence deﬁned by (.) such that xn → p ∈ F(T). Let {sn}
be any bounded sequence in K . Deﬁne a sequence {εn} by
{
εn = ‖sn+ – ( – αn)sn – αnTnzn‖,
zn = ( – βn)sn + βnTnsn+,
n≥ . (.)
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If εn →  implies that sn → p, then the sequence {xn} is said to be T-stable. If εn/αn → 
implies that sn → p, then the sequence {xn} is said to be weakly T-stable. If ∑∞n= εn < ∞
implies that sn → p, then the sequence {xn} is said to be almost T-stable.
The following lemmas will be needed in proving our main results.
Lemma . (Lemma  of []) Let {an}, {bn}, {cn} be nonnegative real sequences satisfying
the following conditions:
an+ ≤ ( – tn)an + bntn + cn, ∀n≥ ,
where {tn} is a sequence in [, ] such that ∑∞n= tn = ∞, limn→∞ bn =  and
∑∞
n= cn < ∞.
Then an →  (n→ ∞).
We denote  := {φ | φ : [,∞)→ [,∞) be a nondecreasing function such that φ(t) = 
if and only if t = }.
Lemma . (Lemma . of []) Let {θn} be a sequence of nonnegative real numbers, {λn}
be a real sequence satisfying




and let φ ∈ . If there exists a positive integer n such that
θ
q
n+ ≤ θqn – λnφ(θn+) + λnσn
for some q > , all n≥ n and limn→∞ σn = , then limn→∞ θn = .
Lemma . (Lemma . of []) Let E be a real Banach space, T : E → E a mapping, and
λ any positive real number. Then for any x, y ∈ E and k > ,
‖x – y‖ ≤ ∥∥x – y + λ[(I – T – kI)x – (I – T – kI)y]∥∥
whenever
〈
(I – T – kI)x – (I – T – kI)y, j(x – y)
〉 ≥ , ∀j(x – y) ∈ J(x – y).
Lemma . Let E be a normed linear space then for all x, y ∈ E and for all j(x+y) ∈ J(x+y),
the following inequality holds:
‖x + y‖ ≤ ‖x‖ + 〈y, j(x + y)〉.
First we give two auxiliary lemmas.
Lemma. Let K be a nonempty convex subset of an arbitrary real Banach space E andT :
K → K an asymptotically pseudocontractive mapping with {kn} ⊂ [,∞) and let F(T) = ∅.
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If {xn} is the iterative sequence deﬁned by (.) and p ∈ F(T), then
‖xn – p‖ ≤ ( + knαn)
(
 – αn + αn




∥∥ + αn(kn + )
∥∥xn – Tnyn
∥∥. (.)
Proof Since T is an asymptotically pseudocontractive mapping with {kn} ⊂ [,∞), there
exists j(xn+ – p) ∈ J(xn+ – p) for xn+ ∈ K and p ∈ F(T) such that
〈
Tnxn+ – p, j(xn+ – p)
〉 ≤ kn‖xn+ – p‖.
Then we have
〈(




I – Tn + (kn – )I
)
p, j(xn+ – p)
〉 ≥ .
Thus it follows from Lemma . that














It follows from (.) that
xn = xn+ + αnxn – αnTnyn
= ( + αn)xn+ + αn
[











Since p ∈ F(T), we have
p = ( + αn)p + αn
[
I – Tn + (kn – )I
]
p – αnknp. (.)
From (.) and (.), we have
‖xn – p‖ ≥ ( + αn)













∥∥∥∥ – αnkn‖xn – p‖
– αn
∥∥Tnxn+ – Tnyn
∥∥ – αn(kn + )
∥∥xn – Tnyn
∥∥. (.)
Therefore from (.) we have
‖xn – p‖ ≥ ( + αn)‖xn+ – p‖ – αnkn‖xn – p‖
– αn
∥∥Tnxn+ – Tnyn
∥∥ – αn(kn + )
∥∥xn – Tnyn
∥∥,
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i.e.,
( + αn)‖xn+ – p‖ ≤ ( + αnkn)‖xn – p‖ + αn
∥∥Tnxn+ – Tnyn
∥∥
+ αn(kn + )
∥∥xn – Tnyn
∥∥. (.)
Since ( + αn)– ≤  and ( + αn)– ≤  – αn + αn , from (.), we have
‖xn+ – p‖ ≤ ( + αnkn)
(
 – αn + αn
)‖xn – p‖ + αnbn, (.)
where bn = ‖Tnxn+ – Tnyn‖ + αn(kn + )‖xn – Tnyn‖. This completes the proof. 
3 Main results
Theorem . Let K be a nonempty convex subset of an arbitrary real Banach space E and
T : K → K be a uniformly Lipschitzian (with a Lipschitzian constant L > ) and strictly
asymptotically pseudocontractive mapping with sequence {kn} ⊂ [,∞), kn → k ∈ (, ),
and let F(T) = ∅.Assume that {xn}, {yn} are the sequences deﬁned by (.), {αn}, {βn} ⊂ [, ]
satisfy the following conditions:




If {xn} is bounded in K , then
() {xn} converges strongly to the unique common ﬁxed point p of T ;
() {xn} is both almost T-stable and weakly T-stable.
Proof Assume that p,p ∈ F(T). Since T is a strictly asymptotically pseudocontractive
mapping, there exists j(p – p) ∈ J(p – p) such that
‖p – p‖ =
〈
Tnp – Tnp, j(p – p)
〉 ≤ kn‖p – p‖.
Letting n→ ∞ we have ‖p – p‖ ≤ k‖p – p‖, k ∈ (, ). This implies that p = p.
By the strictly asymptotically pseudocontractive property of T , similar to (.), we have
‖xn+ – p‖ ≤ ( + αnkn)
(
 – αn + αn
)‖xn – p‖ + αnbn, (.)
where bn = ‖Tnxn+ – Tnyn‖ + αn(kn + )‖xn – Tnyn‖. Since αn → , kn → k ∈ (, ), and
( + αnkn)
(
 – αn + αn
) ≤ ( – αn( – kn – αn)
)
.
Since limn→∞( – kn – αn) =  – k ≥ δ ∈ (,  – k), there exists a natural number n such
that ( – kn – αn)≥ δ for all n≥ n. Thus we have
( + αnkn)
(
 – αn + αn
) ≤  – δαn, ∀n≥ n. (.)
Substituting (.) into (.) we have
‖xn – p‖ ≤ ( – δαn)‖xn– – p‖ + αnbn, ∀n≥ n. (.)
Next we will prove that bn →  (n→ ∞).
Yang and Kong Fixed Point Theory and Applications  (2015) 2015:172 Page 8 of 13
Since T : K → K is uniformly Lipschitzian with a Lipschitzian constant L > , for all
x, y ∈ K , we have
∥∥Tnxn+ – p
∥∥ ≤ L‖xn+ – p‖, ∀n≥ .
This implies that {Tnxn+} is bounded in K since {xn} is bounded. Similarly, {Tnxn} is
bounded sequence in K . It follows from (.) that





∥∥) →  (n→ ∞). (.)
This implies that {yn} is bounded. Thus by the uniform Lipschitzianness of T , we have
∥∥Tnyn
∥∥ ≤ ∥∥Tnyn – Tnxn
∥∥ +
∥∥Tnxn
∥∥ ≤ L‖yn – xn‖ +
∥∥Tnxn
∥∥.
This implies that {Tnyn} is also bounded. From (.) and (.), we have
‖xn+ – yn‖ =




≤ ‖yn – xn‖ + αn
(‖xn‖ +
∥∥Tnyn
∥∥) →  (n→ ∞). (.)
Therefore we have
∥∥Tnxn+ – Tnyn
∥∥ ≤ L‖xn+ – yn‖ →  (n→ ∞). (.)
Observing (.), {xn}, {Tnyn} bounded in K and αn →  (n → ∞), we know that bn → 
(n→ ∞). By Lemma . and (.), we have xn → p (n→ ∞). The conclusion () is proved.
Next we prove the conclusion (). For any bounded sequence {sn} ⊂ K deﬁned by (.)
and p ∈ F(T), we have
‖sn+ – p‖ =
∥∥sn+ – ( – αn)sn – αnTnzn + ( – αn)sn + αnTnzn – p
∥∥
≤ εn + ‖pn – p‖, (.)
where
pn = ( – αn)sn + αnTnzn, ∀n≥ . (.)
It follows from (.) that
sn = pn + αnsn – αnTnzn
= ( + αn)pn + αn
[











By using a similar method to that given in proving (.)-(.), (.), we can prove that
‖pn – p‖ ≤ ( – αnδ)‖sn – p‖ + αnbn, ∀n≥ n, (.)
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where bn = ‖Tnpn –Tnzn‖ + αn(kn + )‖sn –Tnzn‖. Since T is uniformly Lipschitzian with
Lipschitzian constant L > , we have ‖Tnsn–p‖ ≤ L‖sn–p‖. This implies that the sequence
{Tnsn} is bounded since {sn} is bounded inK . By the samemethod as in proving (.)-(.),
we can prove that the sequence {Tnzn} is bounded and ‖Tnpn – Tnzn‖ →  (n → ∞).
Therefore we have bn →  (n→ ∞). Substituting (.) into (.) we have
‖sn+ – p‖ ≤ ( – αnδ)‖sn – p‖ + αnbn + εn, ∀n≥ n. (.)
If
∑∞
n= εn < ∞, taking an = ‖sn – p‖, tn = αnδ, cn = εn in Lemma ., from (.), we have
sn → p (n→ ∞), i.e., {xn} is almost T-stable.
If εn/αn → , taking an = ‖sn – p‖, tn = αnδ, cn =  in Lemma ., from (.), we have
sn → p (n→ ∞), i.e., {xn} is weakly T-stable. This completes the proof. 
Example . Let E = R = (–∞,∞) with the usual norm. Take K = [, ] and deﬁne T :





 if x = ,

 if x = ,
x – n+ if

n+ ≤ x <  ( n+ + n ),







n )≤ x < n
for all n≥ . Then F(T) = {} and T is not continuous at x = . We can verify that
Tx≤ x, x ∈ K .
Thus T is continuous in K and TK ⊂ [, –n] for all n ≥ . Then for any x ∈ K , there
exists j(x – ) ∈ J(x – ) satisfying
〈
Tnx – Tn, j(x – )
〉
= Tnx · x≤ ‖x‖

for all n≥ . That is, T is a strictly asymptotically pseudocontractive mapping.
Example . Let E = [, ]. Deﬁne T : E → E by Tx = x , where E has the usual norm.
Then F(T) = {} andT is a strictly asymptotically pseudocontractivemapping with kn =  .
Consider the following conditions:
αn =

n +  , βn =

n +  , ∀n≥ .





xn+ = ( – n+ )xn +

n+Tnyn,




We have the results in Table .
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Therefore, the conditions of Theorem . are fulﬁlled.
Theorem . Let K be a nonempty convex subset of an arbitrary real Banach space E, T :
K → K be a uniformly Lipschitzian (with a Lipschitzian constant L > ) and asymptotically
pseudocontractive mapping with sequence {kn} ⊂ [,∞), limn→∞ kn =  and let F(T) = ∅
and p ∈ F(T). Let {xn}, {yn} be the sequences deﬁned by (.).Assume that {αn}, {βn} ⊂ [, ]
satisfy the following conditions:




If {xn} is bounded in K and there exists a strictly increasing function φ : [,∞) → [,∞)




Tnxn+ – p, j(xn+ – p)
〉
– kn‖xn+ – p‖ + φ
(‖xn+ – p‖
)} ≤ ,
where j(xn+ – p) ∈ J(xn+ – p). Then {xn} converges strongly to the ﬁxed point of T .
Proof Since {xn} is bounded in K , then M = supn≥{‖xn – p‖} < ∞ for p ∈ F(T). It follows
from Lemma . and (.) that there exists j(xn+ – p) ∈ J(xn+ – p) such that
‖xn+ – p‖ =




≤ ( – αn)‖xn – p‖ + αn
〈
Tnyn – p, j(xn+ – p)
〉
= ( – αn)‖xn – p‖ + αn
〈




Tnyn – Tnxn+, j(xn+ – p)
〉
≤ ( – αn)‖xn – p‖ + αn
〈





= ( – αn)‖xn – p‖ + αndn
+ αn
[




where dn = 〈Tnxn+ – p, j(xn+ – p)〉 – kn‖xn+ – p‖ + φ(‖xn+ – p‖), en = ‖Tnyn – Tnxn+‖.
From (.), we have en →  as n→ ∞. It follows from (.) that
( – αnkn)‖xn+ – p‖ ≤ ( – αn)‖xn – p‖ – αnφ
(‖xn+ – p‖
)
+ αndn + Mαnen.
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Notice that limn→∞( – αnkn) =  > , without loss of generality, we assume that ( –
αnkn) >  for all n≥ . Therefore, we have








+ αndn – αnkn
+ Mαnen – αnkn
= ‖xn – p‖ + αn[(kn – ) + αn] – αnkn ‖xn – p‖





+ αndn – αnkn
+ Mαnen – αnkn
≤ ‖xn – p‖ – αnφ
(‖xn+ – p‖
)
+ αn[(kn – ) + αn] – αnkn
M
+ Mαnen – αnkn
+ αndn – αnkn
(
since  – αnkn ∈ (, )
)







+ αndn – αnkn
, (.)
where λ′n = [(kn – ) + αn]M + enM. Taking q = , θn = ‖xn – p‖, λn = αn, σn = λ
′n+dn
(–αnkn)
in Lemma ., from (.), we have xn → p as n→ ∞. This completes the proof. 
If {βn} = {} for all n≥  in (.), it follows from Theorem . that we have the following
result.
Theorem . Let K be a nonempty convex subset of an arbitrary real Banach space E, T :
K → K be a uniformly Lipschitzian (with a Lipschitzian constant L > ) and asymptotically
pseudocontractive mapping with sequence {kn} ⊂ [,∞), limn→∞ kn =  and let F(T) = ∅
and p ∈ F(T), {xn} be the sequence deﬁned by (.). Let {αn} ⊂ [, ] satisfy the following
conditions: (i) limn→∞ αn = , (ii)
∑∞
n= αn = ∞. If {xn} is bounded in K and there exists a




Tnxn+ – p, j(xn+ – p)
〉
– kn‖xn+ – p‖ + φ
(‖xn+ – p‖
)} ≤ ,
where j(xn+ – p) ∈ J(xn+ – p), ∀n≥ , then xn → p as n→ ∞.
Remark . Theorem . extends Theorem CH from real uniformly smooth Banach
space to arbitrary real Banach space. The requirement that K be bounded closed imposed
in Theorem CH is stronger than the requirement that {xn} be bounded imposed in Theo-
rem .. The condition
〈
Tnxn – p, j(xn – p)
〉 ≤ kn‖xn – p‖ + φ
(‖xn – p‖
)




Tnxn+ – p, j(xn+ – p)
〉
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Remark . We remark that if the error terms are added in (.) and are assumed to be
bounded, then the results of this paper still hold. On carefully reading Thakur’s work [],
we discovered that there are gaps in the proof of Lemma . in []. In (.) and (.) of
Lemma ., one cannot deduce
∑∞
n= σn < ∞ from
∑∞
n= μn < ∞,
∑∞
n= dn < ∞. Thus, his
main results would not hold.
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